Mathey et al.

Absolute instability in backward wave
four-wave mixing: spatial effects
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1. INTRODUCTION

The high sensitivity of the oscillation dynamics of a semi-
linear coherent oscillator to possible misalignment of two
counterpropagating pump waves has been reported re-
cently [1,2]. Considerable changes in oscillation spectra
and oscillation intensity were detected for misalignment
angles on the order of one milliradian and even smaller.
These misalignment angles are comparable to the diver-
gence of the laser pump waves. The discovery of such a
hypersensitivity became possible in part because of use of
KNbO;3:Fe,Ag [3] and BaTiOj3:Co crystals with the en-
hanced nonlinear response at high spatial frequencies
thus allowing for efficient recording of the reflection grat-
ing. The origin of these effects nests in the improvement
of the phase conjugate reflectivity of the backward wave
four-wave-mixing conjugator with a deliberately intro-
duced phase mismatch [4,5].

The computer simulations and the linear stability
analysis performed in [6] revealed also a similar sensitiv-
ity for absolute instability in backward wave four-wave
mixing, i.e., for the appearance, at a certain critical cou-
pling strength, of a conjugate beam with no signal beam
at the input [7] (often referred to as a mirrorless oscilla-
tion). The calculations of paper [6] confirmed the lower
threshold of mirrorless oscillation in the case of pump
wave misalignment and predicted that the frequency de-
tuning of the mirrorless oscillation tends to zero in the vi-
cinity (but not exactly) of the threshold minima.

The subject of this paper is the study of the spatial ori-
entation of the new beams generated above the critical
point of the instability. It is shown that (i) the angular po-
sition of the oscillation beam is dictated by the require-
ment of the smallest threshold, i.e., the oscillation waves
and the pump waves are misaligned in such a way that
the total wavevector mismatch A is constant and corre-
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sponds to the smallest possible threshold beam coupling,
(i) most often the oscillation wave propagating in each di-
rection is split into two components, one with a positive
and the other with a negative wave-vector mismatch A,
(it7) the orientation of the oscillation waves depends on
the plane of the pump wave misalignment while (iv) for
perfectly aligned pump waves the orientation of A is not
defined and the oscillation develops along the conical sur-
face centered on propagation direction of the pump waves.
From the practical point of view it is important that a
relatively small tilt of one of the two pump waves leads to
a great change of the oscillation wave orientation.

2. EXPERIMENT

The experiments are performed with two KNbOj3:Fe,Ag
samples, referred to as crystals A and B in this paper.
Both crystals were modified post-growth using an indiffu-
sion technique during the poling process. The result of the
optical and holographic properties of these crystals de-
pends on both the poling recipe and the type of electrode.
In this particular case, Ag electrodes were used for poling
and indiffusion [8]. Crystal A was inhomogeneously modi-
fied through indiffusion in a manner such that there exist
two distinct regions, one which has a fast photorefractive
response (a region with an obvious indiffusion) and the
other which is significantly slower (a region which ap-
pears to have had no indiffusion); it has dimensions 4
X 8 X 7 mm?® along the x, vy, and z axes, respectively. Crys-
tal B was homogeneously modified through indiffusion us-
ing a different recipe but the same type of electrodes. This
crystal resulted in a uniform appearance with dimensions
of 5.5X5.5x5 mm?® along the x, y, and z axes, respec-
tively. An iron-enriched melt was used to grow these two
crystals, with the amount of Fe in the melt being
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1000 ppm for crystal A and 2000 ppm for crystal B. The
results obtained in this article with two crystals (in the
regions where indiffusion occurred) are qualitatively and
quantitatively similar.

Two nearly counterpropagating pump waves impinge
upon the sample with thickness ¢ through the z faces that
make an angle of about 10° in the air with this axis (Fig.
1). The intensity ratio of the pump waves r=1,(¢)/1;(0)
could be changed in a range from 1 to 100. Both beams
are polarized in the incident plane. In such a geometry
the coupling strength y¢ for nearly counterpropagating
waves is about 4.0-4.5.

The TEM,, radiation of multimode Ar*-laser (\
=514 nm, output power =200 mW) is used as a pump
source. The short coherence length of this laser easily al-
lows for the two pump waves to be mutually incoherent.
Both beams are tightly focused by lenses with a 1 m focal
length (not shown in Fig. 1); the crystal is placed 1 cm be-
fore the focal point.

The spatial structure of generated light beams is ob-
served on the screen SC placed at 32 cm behind the
sample. A small circular aperture in the screen allows for
passing pump wave 2 to the sample and fixes its direction,
which is not changed in the experiment. Distinct from
pump wave 2, the other pump wave 1 can be tilted. A mir-
ror M mounted on the piezodriven holder allows for
changing the angle 6 of the reflected beam within a range
approximately 100 mrad. The light spot on the mirror is
imaged with the symmetric F-F-F-F telescope into the
sample, with the focal length F' of the telescope lenses be-
ing 4 cm. This ensures the control of the pump intersec-
tion angle # without affecting the overlap between the two
pump waves (see [2]).

The direction opposite to wave 2 is taken as zero refer-
ence; the angle of the pump wave misalignment 6 and
angle of the oscillation wave propagation ¢ are measured
from this reference direction. The oscillation waves that
propagate in the direction close to direction of pump wave
2 are not shown so to avoid overloading Fig. 1. In the ex-
periment one of them is used to measure the dynamics of
oscillation intensity.
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Fig. 1. Schematic representation of the experimental arrange-
ment. Pump waves 1 and 2 enter the photorefractive crystal
(PRC) from opposite faces. The lenses L; and L, with focal
lengths F form a symmetric telescope that projects the image of a
mirror M into the photorefractive sample PRC. The misalign-
ment of the pump waves is adjusted by the tilt of the mirror M.
Pump wave 2 enters the sample through a small aperture in the
screen SC, which is used for monitoring the angular positions of
pump wave 1 () and oscillation waves 3 (¢;) and 3’ (¢y), with &
being the angle between pump wave 1 and oscillation waves 3
and 3'. All waves are polarized in the plane of the drawing, e be-
ing the polarization unit vector.
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Most often the oscillation waves appear like speckled
bright arcs that are normal to the plane of propagation for
the pump waves. The brightest parts of the arcs are close
to this plane. For pump misalignment in the horizontal
plane the oscillation arcs are vertical [Fig. 2(a)], while for
pump misalignment in the vertical plane they are hori-
zontal. With a tilt of plane of the pump waves’ intersec-

Fig. 2. Far-field oscillation patterns of crystal A. Two pump
waves are (A) misaligned to 3 mrad in the horizontal plane, (B)
misaligned to 5 mrad in a plane tilted to =~30° with respect to the
horizontal plane, and (C) aligned nearly perfectly. Pump ratio r
=5. Total change of angle within frames A and B is 250 mrad,
while within frame C it is 400 mrad.
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tion the arcs are tilted too, but in the orthogonal direction
[Fig. 2(b)].

The oscillation pattern changes qualitatively when the
pump misalignment angle approaches zero 6—0: the
lines become curved and for perfect alignment they form a
ring, i.e., the oscillation waves propagate along the coni-
cal surface with the axis defined by the pump wave direc-
tion. This cone is never filled with light homogeneously
[Fig. 2(c)]; quite often only a fragment of conical radiation
is seen.

All bright arcs are linearly polarized, identical to the
polarization of the pump waves. The arcs get their inten-
sity through the diffraction of the counterpropagating
pump wave from the reflection grating. This is proved by
checking the reaction of the arcs intensity to a sudden in-
terruption of the pump wave. If a copropagating pump
wave is stopped, the intensity of the scattered arcs decays
gradually, following the decrease of the grating ampli-
tude. In the case of a counterpropagating pump wave that
is stopped, the arcs disappear instantaneously.

The intensity of the oscillation wave depends critically
on the pump intensity ratio r=15(€)/11(0). To change r the
half-wave phase retarder \/2 followed by the polarizer P
are placed in the path of the pump wave 1. The rotation of
the phase retarder allows for reducing the transmitted in-
tensity, while keeping the polarization the same, parallel
to the polarization of the pump wave 2. The phase re-
tarder is mounted on a holder driven by a step motor,
which ensures highly precise and slow variation of the
pump intensity, practically with no mechanical vibra-
tions. The rotation velocity is small, one full rotation cycle
per hour, in order to ensure adiabatically slow variations
of the pump ratio.

The raw results for crystal A are presented in Fig. 3(a)
where the temporal variations of oscillation wave inten-
sity I4(0) and pump wave intensity I;(0) are shown by
curves 1 and 2, respectively. The intensity of the pump
wave varies accordingly to cos?2«, where « is a phase-
retarder rotation angle that increases linearly in time.
When the intensity 7;(0) smoothly approaches its mini-
mum, the intensity 1,(0) shows an abrupt drop. It is fol-
lowed later by the abrupt switch-on, when the intensity
1,(0) starts to increase, thus indicating the existence of
the threshold value of the pump ratio over which the os-
cillation does not develop. Note also that the irregular
spiking above the threshold disappears below the thresh-
old.

Figure 3(b) represents the pump ratio dependence of
the oscillation intensity reconstructed from data in Fig.
3(a). The oscillation intensity drops more than one order
of magnitude over a range of r from 12 to 15. For larger r
the signal-to-noise ratio becomes poor. The intensity de-
creases there roughly linearly with the decreasing 1;(0),
i.e., the detector is measuring the straight light of the
scattered pump wave 1. A similar pump ratio dependence
is observed with crystal B.

The other feature that supports the identification of the
discovered emission as a coherent oscillation is a charac-
teristic time delay in appearance of oscillation after start-
ing of sample exposure to the pump light.

To measure the dependence of the oscillation wave di-
rection on the pump misalignment angle 6 a movie of the
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Fig. 3. (Color online) (a) Temporal variation of the mirrorless
oscillation intensity (curve 1) in crystal A with slowly varying in-
tensity of the pump 1 (curve 2). An abrupt disappearance and re-
appearance of the oscillation intensity prove the existence of the
oscillation threshold in pump ratio. (b) Dependence of mirrorless
oscillation intensity on the pump ratio, reconstructed from Fig.
3(a).

intensity distribution on the screen is recorded with a
CCD camera. For large tilt angles of pump wave 1 the
bright spot of the transmitted pump on the screen is well
seen and corresponding angles can be calculated. This
makes it possible to calibrate the angles for a whole
movie, i.e., to attribute an exact value of 6 to every movie
frame. This is especially important for small values of 6,
for which the bright spot falls into the aperture in the
screen, through which the pump wave 2 passes, and be-
comes therefore invisible.

With such a technique the dependence shown in Fig. 4
is constructed for the oscillation of the crystal B. The ver-
tical bars show the position and the angular width of the
oscillation wave. It is clear that with an increasing 0 the
angular separation between two oscillation waves be-
comes smaller. They both approach the dashed straight
line ¢=0 in Fig. 4. For a particular angle #= +13 mrad,
one of two oscillation waves is exactly parallel to the
counterpropagating pump wave. At this point the tilt
angle ¢ of the oscillation wave passes zero value and
changes its sign.

The dependence ¢=¢(6) measured for crystal A coin-
cides with that shown in Fig. 4 within the experimental
error bars. It shows a larger apex angle of conical oscilla-
tion &,~200 mrad at 6=0.
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Fig. 4. (Color online) Dependence of the oscillation wave angle
on pump misalignment angle for crystal B. The solid lines repre-
sent the best fit of the calculated dependence to the measured
data shown by the vertical bars.

3. ANALYSIS OF THE PHASE-MATCHING
CONDITION

The spatial structure of the observed patterns and their
response to pump misalignment allows them to be attrib-
uted to A:ee—ee parametric four-wave mixing according
to classification given in [9]. Here the first two letters e
mark the extraordinary polarization of the pump waves
and the second pair of letters e mark the polarization of
the scattered waves. One important distinction is, how-
ever, the necessity of the phase mismatch for optimizing
the parametric gain. This distinction results in a qualita-
tively new feature: in lateral spatial split and lateral shift
of the scattered light arcs with respect to the copropagat-
ing pump wave (Fig. 1).

The phase-matching condition for such a modified pro-
cess A is as follows:

(k1—k4)—(k3—k2)=K1—K2=A, (1)

where k; 4 are the wave vectors of the pump waves 1 and
2 and k3 4 are the wave vectors of the scattered waves 3
and 4. Two pump waves are mutually incoherent and the
sample is aligned in a way to promote the recording of the
reflection gratings. This is why the pump wave 1 records
a grating with the grating vectors K; together with the
backscattered wave 4, while pump wave 2 together with
wave 3 records another grating, with the grating vector
K,. The two grating vectors are parallel to each other;
their small difference defines the wave vector mismatch
A.

Figure 5 shows two wave vector diagrams for opposite
orientations of A in the plane of propagation of the two
pump waves. As one can see, for the same orientation of
two pump waves 1 and 2, two orientations of the oscilla-
tion wave are possible, 3,3’ (and 4,4’ in the opposite di-
rection); no preference exists and they both are observed
in the experiment (see Fig. 2).

While the directions of the pump waves are imposed by
the boundary conditions, the scattered waves may propa-
gate in any direction that meets the above phase-
matching condition, not only in the plane of the drawing
in Fig. 5. This results in conical scattering with the cone
axes close to the bisector of the two pump waves. On the
screen behind the sample the scattering forms the arcs
roughly normal to the plane of the pump wave intersec-
tion.
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Fig. 5. (Color online) Ewald sphere constructions for phase-
matching diagrams. All the wave vectors k; have the same modu-
lus k=27n/\. Grating vectors K , are parallel and differ by A in
their length. Inside the sample the pump wave misalignment
angle is 6 and the tilt angle of the oscillation wave with respect to

the co-propagating pump wave is 6.

The tilt of the grating vectors K; 5 caused by pump mis-
alignment is in fact very small, =102 rad. Within such a
small angular window the two-beam coupling gain factor
remains nearly the same regardless of the direction of the
pump misalignment in the vertical or in the horizontal
plane. This explains the observation of the horizontal arcs
for vertical pump displacement and the tilted arcs for ar-
bitrary plane of pump misalignment [Fig. 1(b)].

Wave vector diagrams of Fig. 5 and phase-matching
condition, Eq. (1), allow for interrelating the angles ¢; o
=0+ S of the oscillation waves’ propagation and the pump
misalignment angle 6 with the relative wave vector mis-

match A/k:
nlA
=0x—(—], 2
12 =\ 7 (2)

where £=27/\ and n is the index of refraction.

This dependence describes qualitatively well the re-
sults of the experiment. A strong increase of the scatter-
ing angle ¢ with the pump misalignment angle that ap-
proaches zero is expected from Eq. (2), which is in
agreement with the measured dependence shown in Fig.
4. Equation (2) predicts that one of the scattered waves
should become parallel to the counterpropagating pump
wave for a particular angle

0” =6= \J’nA/k, (3)

also in agreement with the experiment.

The fit of the experimental data in Fig. 4, according to
Eq. (2), yields for normalized wave-vector mismatch a
value (n\/27)A=~1.7510"%. The estimated value of 6
from Eq. (3) is therefore =13 mrad. Also, the value of A
extracted from this fit is A=9.6 cm™1.

4. CALCULATIONS AND DISCUSSION

The equations that describe the temporal evolution of the
backward wave four-wave mixing with phase mismatch
and under the undepleted pump approximation have been

considered in [6]
(9A3 B .AZ
E=V exp —l? A2, (4)
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A4 Az
E= VGXp(—i;)Al, (5)
Jv v . Az
TE +v= E|:A1A4 exp(z;)
} Az
+A2A; exp(— L?):| (6)

Here z is the coordinate along the propagation axis, A; are
the complex amplitudes of the waves i=1,2,3,4, and A;
are their complex conjugates, y is the coupling constant of
the photorefractive crystal, v is the grating amplitude, I,
is the total intensity Iy=|A|2+|Ay|%+|A32+|A4%, and 7is
the response time of the photorefractive medium. The
boundary conditions for the considered case are trivial.
Only the nonzero amplitudes of the pump waves are fixed
at the input faces.

The computer simulations of the sets of equations Egs.
(4)—(6) are performed, aiming to determine the areas of
coupling strengths y¢ and dimensionless phase mis-
matches A¢ where the mirrorless oscillation can occur.

The numerical results allow for finding those sets of pa-
rameters y{, r, and A¢ for which the intensity of wave 3
(and 4) takes a nonzero value in the steady state. They
also allow for extracting the oscillation frequencies ;o
from the beat frequency mark if the reference wave with
the frequency of the pump wave is added.

In its present form the theory does not define the spa-
tial orientation of the oscillation waves. One can assume,
however, that the oscillation will occur in directions for
which the difference (y€)-(y€);, of the coupling strength
ensured by the crystal and the calculated threshold cou-
pling strength is the largest possible. The seeding scat-
tered light will be the most strongly amplified, and the os-
cillation will occur just in these directions. In distinction
from the semilinear oscillator with two pump waves [10],
here the phase condition of oscillation does not impose
any additional constraints to the oscillation threshold be-
cause no feedback exists from the conventional cavity
mirror.

Figure 6 shows the dependences of the threshold cou-
pling strength (y€),, and the dimensionless threshold fre-
quency shift ()7 on phase mismatch A¢ for r=5. The pump
ratio dependences of A¢ and Q,, for y£=4.0 are shown in
Fig. 7.

It follows from the data in Fig. 6(a) that the smallest
threshold coupling strength y€=3.7 corresponds to the
phase mismatch A¢=4.5, as it was stated already in [6].
The horizontal line in Fig. 6(a) marks the coupling
strength y€=4 for the crystal B (when it is tilted by an
angle of =10° relatively to two pump waves). The inter-
section points of this line and the coupling strength de-
pendence define the range of phase mismatch in which
the threshold condition of oscillation can be met. We be-
lieve, however, that the competition of different angular
components for which the threshold is overcome will re-
sult in selection of the oscillation wave with smallest
threshold value y¢~=3.7 and direction of propagation de-
fined by A¢~=4.5. With crystal thickness €=0.5 cm the ex-
pected modulus of the wave-vector mismatch should be
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Fig. 6. (Color online) Calculated phase-mismatch dependences
of (a) the threshold coupling strength and (b) the threshold fre-
quency shift for mirorrless oscillation with the pump ratio close
to optimum, r=5.

A=9 cm™!. This value differs less than 10% compared to
the value extracted from the experimental dependence of
Fig. 4, A=9.6 cm™!. For a theory that contains no free pa-
rameter such an agreement is quite satisfactory.

The contour plots of Fig. 7 show the pump ratio range
2.2<r<15 within which the mirrorless oscillation is pos-
sible for a crystal with y¢=4. This prediction is in good
agreement with the experimental data of Fig. 3.
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Fig. 7. (Color online) Calculated pump ratio dependences of (a)
the threshold phase mismatch and (b) the threshold frequency
shift for mirorrless oscillation with y{=4.
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While Eq. (2) describes well all experimental data of
Fig. 4 with 6+ 0 it fails in explaining the ring structure
observed with well-aligned pump waves. A conical scatter-
ing of counterpropagating pump waves with the cone axis
along the pump propagation direction is usually attrib-
uted to parametric mixing of type B [9]. In this particular
case it would be B:ee—ee process with a modified phase-
matching condition

(k1 —ky) — (kg -ky) =A. (7

However, with k;lky, the wave-vector mismatch A is
roughly perpendicular to the grating vectors K; and K, of
partial gratings recorded by the pairs of coherent pump-
and-scattering waves. Such a dephasing can hardly re-
duce the threshold for the coherent oscillation. The phase-
matching condition of Eq. (7) can be met for =0 and A
=0, but in this case it does not impose any particular
value to the apex angle of the scattered waves.

It is not excluded that the conical emission at =0 [Fig.
2(c)lis a consequence of finite and non-negligible diver-
gence of counterpropagating pump waves that are focused
into the sample with the converging lenses. With the
beams’ divergence of about 1 mrad one can expect a su-
perposition of a multitude of bright arc pairs with angular
spacing =0.175 rad within each pair (see Eq. (2) and the
estimated value of A). Because of the axial symmetry,
which is due to exact counterpropagation of two pump
waves, the phase-matching condition of Eq. (1) does not
impose any particular spatial orientation of the bright arc
pairs. They fill, therefore, all possible azimuth angles in
the viewing screen (in the far field), and their superposi-
tion results in an apparent ring. The apex angle of this
ring, about 150 mrad, does not contradict this hypothesis.

5. CONCLUSIONS

The nonlinear scattering of two nearly counterpropagat-
ing mutually incoherent light waves into two pairs of
bright arcs is attributed to be a consequence of the two si-
multaneous parametric four-wave processes of type A:ee
—ee (two extraordinary pump waves are mixed with two
extraordinary scattered waves) with a slight positive/
negative deviation from the exact phase matching.

The threshold dependence of the scattered intensity on
the pump intensity ratio, the qualitative difference of
temporal behavior (spiked below and smooth above the
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critical value of the pump intensity ratio), as well as the
necessity to ensure quite large coupling strength to ob-
serve this effect, prove the manifestation of the absolute
instability (mirrorless oscillation).

It is shown that the spatial orientation of the generated
new beams is imposed by a modified wave-vector condi-
tion that admits possible spontaneous violation of the ex-
act phase matching. The experimentally measured angu-
lar dependences are in good quantitative agreement with
the prediction of a model.
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