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. INTRODUCTION
he high sensitivity of the oscillation dynamics of a semi-

inear coherent oscillator to possible misalignment of two
ounterpropagating pump waves has been reported re-
ently [1,2]. Considerable changes in oscillation spectra
nd oscillation intensity were detected for misalignment
ngles on the order of one milliradian and even smaller.
hese misalignment angles are comparable to the diver-
ence of the laser pump waves. The discovery of such a
ypersensitivity became possible in part because of use of
NbO3:Fe,Ag [3] and BaTiO3:Co crystals with the en-
anced nonlinear response at high spatial frequencies
hus allowing for efficient recording of the reflection grat-
ng. The origin of these effects nests in the improvement
f the phase conjugate reflectivity of the backward wave
our-wave-mixing conjugator with a deliberately intro-
uced phase mismatch [4,5].
The computer simulations and the linear stability

nalysis performed in [6] revealed also a similar sensitiv-
ty for absolute instability in backward wave four-wave

ixing, i.e., for the appearance, at a certain critical cou-
ling strength, of a conjugate beam with no signal beam
t the input [7] (often referred to as a mirrorless oscilla-
ion). The calculations of paper [6] confirmed the lower
hreshold of mirrorless oscillation in the case of pump
ave misalignment and predicted that the frequency de-

uning of the mirrorless oscillation tends to zero in the vi-
inity (but not exactly) of the threshold minima.

The subject of this paper is the study of the spatial ori-
ntation of the new beams generated above the critical
oint of the instability. It is shown that (i) the angular po-
ition of the oscillation beam is dictated by the require-
ent of the smallest threshold, i.e., the oscillation waves

nd the pump waves are misaligned in such a way that
he total wavevector mismatch � is constant and corre-
0740-3224/10/071481-6/$15.00 © 2
ponds to the smallest possible threshold beam coupling,
ii) most often the oscillation wave propagating in each di-
ection is split into two components, one with a positive
nd the other with a negative wave-vector mismatch �,
iii) the orientation of the oscillation waves depends on
he plane of the pump wave misalignment while (iv) for
erfectly aligned pump waves the orientation of � is not
efined and the oscillation develops along the conical sur-
ace centered on propagation direction of the pump waves.
rom the practical point of view it is important that a
elatively small tilt of one of the two pump waves leads to
great change of the oscillation wave orientation.

. EXPERIMENT
he experiments are performed with two KNbO3:Fe,Ag
amples, referred to as crystals A and B in this paper.
oth crystals were modified post-growth using an indiffu-
ion technique during the poling process. The result of the
ptical and holographic properties of these crystals de-
ends on both the poling recipe and the type of electrode.
n this particular case, Ag electrodes were used for poling
nd indiffusion [8]. Crystal A was inhomogeneously modi-
ed through indiffusion in a manner such that there exist
wo distinct regions, one which has a fast photorefractive
esponse (a region with an obvious indiffusion) and the
ther which is significantly slower (a region which ap-
ears to have had no indiffusion); it has dimensions 4
8�7 mm3 along the x, y, and z axes, respectively. Crys-

al B was homogeneously modified through indiffusion us-
ng a different recipe but the same type of electrodes. This
rystal resulted in a uniform appearance with dimensions
f 5.5�5.5�5 mm3 along the x, y, and z axes, respec-
ively. An iron-enriched melt was used to grow these two
rystals, with the amount of Fe in the melt being
010 Optical Society of America
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000 ppm for crystal A and 2000 ppm for crystal B. The
esults obtained in this article with two crystals (in the
egions where indiffusion occurred) are qualitatively and
uantitatively similar.
Two nearly counterpropagating pump waves impinge

pon the sample with thickness � through the z faces that
ake an angle of about 10° in the air with this axis (Fig.

). The intensity ratio of the pump waves r=I2��� /I1�0�
ould be changed in a range from 1 to 100. Both beams
re polarized in the incident plane. In such a geometry
he coupling strength �� for nearly counterpropagating
aves is about 4.0–4.5.
The TEM00 radiation of multimode Ar+-laser (�

514 nm, output power �200 mW) is used as a pump
ource. The short coherence length of this laser easily al-
ows for the two pump waves to be mutually incoherent.
oth beams are tightly focused by lenses with a 1 m focal

ength (not shown in Fig. 1); the crystal is placed 1 cm be-
ore the focal point.

The spatial structure of generated light beams is ob-
erved on the screen SC placed at 32 cm behind the
ample. A small circular aperture in the screen allows for
assing pump wave 2 to the sample and fixes its direction,
hich is not changed in the experiment. Distinct from
ump wave 2, the other pump wave 1 can be tilted. A mir-
or M mounted on the piezodriven holder allows for
hanging the angle � of the reflected beam within a range
pproximately 100 mrad. The light spot on the mirror is
maged with the symmetric F−F−F−F telescope into the
ample, with the focal length F of the telescope lenses be-
ng 4 cm. This ensures the control of the pump intersec-
ion angle � without affecting the overlap between the two
ump waves (see [2]).
The direction opposite to wave 2 is taken as zero refer-

nce; the angle of the pump wave misalignment � and
ngle of the oscillation wave propagation � are measured
rom this reference direction. The oscillation waves that
ropagate in the direction close to direction of pump wave
are not shown so to avoid overloading Fig. 1. In the ex-

eriment one of them is used to measure the dynamics of
scillation intensity.

ig. 1. Schematic representation of the experimental arrange-
ent. Pump waves 1 and 2 enter the photorefractive crystal

PRC) from opposite faces. The lenses L1 and L2 with focal
engths F form a symmetric telescope that projects the image of a

irror M into the photorefractive sample PRC. The misalign-
ent of the pump waves is adjusted by the tilt of the mirror M.
ump wave 2 enters the sample through a small aperture in the
creen SC, which is used for monitoring the angular positions of
ump wave 1 ��� and oscillation waves 3 ��1� and 3� ��2�, with �
eing the angle between pump wave 1 and oscillation waves 3
nd 3�. All waves are polarized in the plane of the drawing, e be-
ng the polarization unit vector.
Most often the oscillation waves appear like speckled
right arcs that are normal to the plane of propagation for
he pump waves. The brightest parts of the arcs are close
o this plane. For pump misalignment in the horizontal
lane the oscillation arcs are vertical [Fig. 2(a)], while for
ump misalignment in the vertical plane they are hori-
ontal. With a tilt of plane of the pump waves’ intersec-

ig. 2. Far-field oscillation patterns of crystal A. Two pump
aves are (A) misaligned to 3 mrad in the horizontal plane, (B)
isaligned to 5 mrad in a plane tilted to �30° with respect to the
orizontal plane, and (C) aligned nearly perfectly. Pump ratio r
5. Total change of angle within frames A and B is 250 mrad,
hile within frame C it is 400 mrad.
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ion the arcs are tilted too, but in the orthogonal direction
Fig. 2(b)].

The oscillation pattern changes qualitatively when the
ump misalignment angle approaches zero �→0: the
ines become curved and for perfect alignment they form a
ing, i.e., the oscillation waves propagate along the coni-
al surface with the axis defined by the pump wave direc-
ion. This cone is never filled with light homogeneously
Fig. 2(c)]; quite often only a fragment of conical radiation
s seen.

All bright arcs are linearly polarized, identical to the
olarization of the pump waves. The arcs get their inten-
ity through the diffraction of the counterpropagating
ump wave from the reflection grating. This is proved by
hecking the reaction of the arcs intensity to a sudden in-
erruption of the pump wave. If a copropagating pump
ave is stopped, the intensity of the scattered arcs decays
radually, following the decrease of the grating ampli-
ude. In the case of a counterpropagating pump wave that
s stopped, the arcs disappear instantaneously.

The intensity of the oscillation wave depends critically
n the pump intensity ratio r=I2��� /I1�0�. To change r the
alf-wave phase retarder � /2 followed by the polarizer P
re placed in the path of the pump wave 1. The rotation of
he phase retarder allows for reducing the transmitted in-
ensity, while keeping the polarization the same, parallel
o the polarization of the pump wave 2. The phase re-
arder is mounted on a holder driven by a step motor,
hich ensures highly precise and slow variation of the
ump intensity, practically with no mechanical vibra-
ions. The rotation velocity is small, one full rotation cycle
er hour, in order to ensure adiabatically slow variations
f the pump ratio.

The raw results for crystal A are presented in Fig. 3(a)
here the temporal variations of oscillation wave inten-

ity I4�0� and pump wave intensity I1�0� are shown by
urves 1 and 2, respectively. The intensity of the pump
ave varies accordingly to cos2 2�, where � is a phase-

etarder rotation angle that increases linearly in time.
hen the intensity I1�0� smoothly approaches its mini-
um, the intensity I4�0� shows an abrupt drop. It is fol-

owed later by the abrupt switch-on, when the intensity
1�0� starts to increase, thus indicating the existence of
he threshold value of the pump ratio over which the os-
illation does not develop. Note also that the irregular
piking above the threshold disappears below the thresh-
ld.

Figure 3(b) represents the pump ratio dependence of
he oscillation intensity reconstructed from data in Fig.
(a). The oscillation intensity drops more than one order
f magnitude over a range of r from 12 to 15. For larger r
he signal-to-noise ratio becomes poor. The intensity de-
reases there roughly linearly with the decreasing I1�0�,
.e., the detector is measuring the straight light of the
cattered pump wave 1. A similar pump ratio dependence
s observed with crystal B.

The other feature that supports the identification of the
iscovered emission as a coherent oscillation is a charac-
eristic time delay in appearance of oscillation after start-
ng of sample exposure to the pump light.

To measure the dependence of the oscillation wave di-
ection on the pump misalignment angle � a movie of the
ntensity distribution on the screen is recorded with a
CD camera. For large tilt angles of pump wave 1 the
right spot of the transmitted pump on the screen is well
een and corresponding angles can be calculated. This
akes it possible to calibrate the angles for a whole
ovie, i.e., to attribute an exact value of � to every movie

rame. This is especially important for small values of �,
or which the bright spot falls into the aperture in the
creen, through which the pump wave 2 passes, and be-
omes therefore invisible.

With such a technique the dependence shown in Fig. 4
s constructed for the oscillation of the crystal B. The ver-
ical bars show the position and the angular width of the
scillation wave. It is clear that with an increasing � the
ngular separation between two oscillation waves be-
omes smaller. They both approach the dashed straight
ine �=� in Fig. 4. For a particular angle �� ±13 mrad,
ne of two oscillation waves is exactly parallel to the
ounterpropagating pump wave. At this point the tilt
ngle � of the oscillation wave passes zero value and
hanges its sign.

The dependence �=���� measured for crystal A coin-
ides with that shown in Fig. 4 within the experimental
rror bars. It shows a larger apex angle of conical oscilla-
ion � �200 mrad at �=0.

(b)

(a)

ig. 3. (Color online) (a) Temporal variation of the mirrorless
scillation intensity (curve 1) in crystal A with slowly varying in-
ensity of the pump 1 (curve 2). An abrupt disappearance and re-
ppearance of the oscillation intensity prove the existence of the
scillation threshold in pump ratio. (b) Dependence of mirrorless
scillation intensity on the pump ratio, reconstructed from Fig.
(a).
0
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. ANALYSIS OF THE PHASE-MATCHING
ONDITION
he spatial structure of the observed patterns and their
esponse to pump misalignment allows them to be attrib-
ted to A :ee−ee parametric four-wave mixing according
o classification given in [9]. Here the first two letters e
ark the extraordinary polarization of the pump waves

nd the second pair of letters e mark the polarization of
he scattered waves. One important distinction is, how-
ver, the necessity of the phase mismatch for optimizing
he parametric gain. This distinction results in a qualita-
ively new feature: in lateral spatial split and lateral shift
f the scattered light arcs with respect to the copropagat-
ng pump wave (Fig. 1).

The phase-matching condition for such a modified pro-
ess A is as follows:

�k1 − k4� − �k3 − k2� = K1 − K2 = �, �1�

here k1,2 are the wave vectors of the pump waves 1 and
and k3,4 are the wave vectors of the scattered waves 3

nd 4. Two pump waves are mutually incoherent and the
ample is aligned in a way to promote the recording of the
eflection gratings. This is why the pump wave 1 records
grating with the grating vectors K1 together with the

ackscattered wave 4, while pump wave 2 together with
ave 3 records another grating, with the grating vector
2. The two grating vectors are parallel to each other;

heir small difference defines the wave vector mismatch
.
Figure 5 shows two wave vector diagrams for opposite

rientations of � in the plane of propagation of the two
ump waves. As one can see, for the same orientation of
wo pump waves 1 and 2, two orientations of the oscilla-
ion wave are possible, 3,3� (and 4,4� in the opposite di-
ection); no preference exists and they both are observed
n the experiment (see Fig. 2).

While the directions of the pump waves are imposed by
he boundary conditions, the scattered waves may propa-
ate in any direction that meets the above phase-
atching condition, not only in the plane of the drawing

n Fig. 5. This results in conical scattering with the cone
xes close to the bisector of the two pump waves. On the
creen behind the sample the scattering forms the arcs
oughly normal to the plane of the pump wave intersec-
ion.

ig. 4. (Color online) Dependence of the oscillation wave angle
n pump misalignment angle for crystal B. The solid lines repre-
ent the best fit of the calculated dependence to the measured
ata shown by the vertical bars.
The tilt of the grating vectors K1,2 caused by pump mis-
lignment is in fact very small, �10−2 rad. Within such a
mall angular window the two-beam coupling gain factor
emains nearly the same regardless of the direction of the
ump misalignment in the vertical or in the horizontal
lane. This explains the observation of the horizontal arcs
or vertical pump displacement and the tilted arcs for ar-
itrary plane of pump misalignment [Fig. 1(b)].
Wave vector diagrams of Fig. 5 and phase-matching

ondition, Eq. (1), allow for interrelating the angles �1,2
�±� of the oscillation waves’ propagation and the pump
isalignment angle � with the relative wave vector mis-
atch 	 /k:

�1,2 � � ±
n

�
�	

k� , �2�

here k=2
 /� and n is the index of refraction.
This dependence describes qualitatively well the re-

ults of the experiment. A strong increase of the scatter-
ng angle � with the pump misalignment angle that ap-
roaches zero is expected from Eq. (2), which is in
greement with the measured dependence shown in Fig.
. Equation (2) predicts that one of the scattered waves
hould become parallel to the counterpropagating pump
ave for a particular angle

�� = � = �n	/k, �3�

lso in agreement with the experiment.
The fit of the experimental data in Fig. 4, according to

q. (2), yields for normalized wave-vector mismatch a
alue �n� /2
�	�1.75 10−4. The estimated value of ��

rom Eq. (3) is therefore �13 mrad. Also, the value of 	
xtracted from this fit is 	�9.6 cm−1.

. CALCULATIONS AND DISCUSSION
he equations that describe the temporal evolution of the
ackward wave four-wave mixing with phase mismatch
nd under the undepleted pump approximation have been
onsidered in [6]

�A3

�z
= �* exp�− i

	z

2 �A2, �4�

�
�

� �

� �

�
�

�
�
�

� �
�

�
�

� �

�
�

�
�

�
�

�
�

�

�
�

�

�
��

�

ig. 5. (Color online) Ewald sphere constructions for phase-
atching diagrams. All the wave vectors ki have the same modu-

us k=2
n /�. Grating vectors K1,2 are parallel and differ by � in
heir length. Inside the sample the pump wave misalignment
ngle is �̄ and the tilt angle of the oscillation wave with respect to
he co-propagating pump wave is �̄.
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�A4

�z
= � exp�− i

	z

2 �A1, �5�

�
��

�t
+ � =

�*

I0
	A1

*A4 exp�i
	z

2 �
+ A2A3

* exp�− i
	z

2 �
 . �6�

ere z is the coordinate along the propagation axis, Ai are
he complex amplitudes of the waves i=1,2,3,4, and Ai

*

re their complex conjugates, � is the coupling constant of
he photorefractive crystal, � is the grating amplitude, I0
s the total intensity I0= �A1�2+ �A2�2+ �A3�2+ �A4�2, and � is
he response time of the photorefractive medium. The
oundary conditions for the considered case are trivial.
nly the nonzero amplitudes of the pump waves are fixed
t the input faces.
The computer simulations of the sets of equations Eqs.

4)–(6) are performed, aiming to determine the areas of
oupling strengths �� and dimensionless phase mis-
atches 	� where the mirrorless oscillation can occur.
The numerical results allow for finding those sets of pa-

ameters ��, r, and 	� for which the intensity of wave 3
and 4) takes a nonzero value in the steady state. They
lso allow for extracting the oscillation frequencies 
1,2
rom the beat frequency mark if the reference wave with
he frequency of the pump wave is added.

In its present form the theory does not define the spa-
ial orientation of the oscillation waves. One can assume,
owever, that the oscillation will occur in directions for
hich the difference ����-����th of the coupling strength

nsured by the crystal and the calculated threshold cou-
ling strength is the largest possible. The seeding scat-
ered light will be the most strongly amplified, and the os-
illation will occur just in these directions. In distinction
rom the semilinear oscillator with two pump waves [10],
ere the phase condition of oscillation does not impose
ny additional constraints to the oscillation threshold be-
ause no feedback exists from the conventional cavity
irror.
Figure 6 shows the dependences of the threshold cou-

ling strength ����th and the dimensionless threshold fre-
uency shift 
� on phase mismatch 	� for r=5. The pump
atio dependences of 	� and 
th for ��=4.0 are shown in
ig. 7.
It follows from the data in Fig. 6(a) that the smallest

hreshold coupling strength ���3.7 corresponds to the
hase mismatch 	��4.5, as it was stated already in [6].
he horizontal line in Fig. 6(a) marks the coupling
trength ��=4 for the crystal B (when it is tilted by an
ngle of �10° relatively to two pump waves). The inter-
ection points of this line and the coupling strength de-
endence define the range of phase mismatch in which
he threshold condition of oscillation can be met. We be-
ieve, however, that the competition of different angular
omponents for which the threshold is overcome will re-
ult in selection of the oscillation wave with smallest
hreshold value ���3.7 and direction of propagation de-
ned by 	��4.5. With crystal thickness �=0.5 cm the ex-
ected modulus of the wave-vector mismatch should be
�9 cm−1. This value differs less than 10% compared to
he value extracted from the experimental dependence of
ig. 4, 	�9.6 cm−1. For a theory that contains no free pa-
ameter such an agreement is quite satisfactory.

The contour plots of Fig. 7 show the pump ratio range
.2�r�15 within which the mirrorless oscillation is pos-
ible for a crystal with ��=4. This prediction is in good
greement with the experimental data of Fig. 3.

∆

γ

( )

( )

ig. 6. (Color online) Calculated phase-mismatch dependences
f (a) the threshold coupling strength and (b) the threshold fre-
uency shift for mirorrless oscillation with the pump ratio close
o optimum, r=5.

∆
Ωτ

( )

( )

ig. 7. (Color online) Calculated pump ratio dependences of (a)
he threshold phase mismatch and (b) the threshold frequency
hift for mirorrless oscillation with ��=4.
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While Eq. (2) describes well all experimental data of
ig. 4 with ��0 it fails in explaining the ring structure
bserved with well-aligned pump waves. A conical scatter-
ng of counterpropagating pump waves with the cone axis
long the pump propagation direction is usually attrib-
ted to parametric mixing of type B [9]. In this particular
ase it would be B :ee−ee process with a modified phase-
atching condition

�k1 − k2� − �k3 − k4� = �. �7�

owever, with k1 �k2 the wave-vector mismatch � is
oughly perpendicular to the grating vectors K1 and K2 of
artial gratings recorded by the pairs of coherent pump-
nd-scattering waves. Such a dephasing can hardly re-
uce the threshold for the coherent oscillation. The phase-
atching condition of Eq. (7) can be met for �=0 and �
0, but in this case it does not impose any particular
alue to the apex angle of the scattered waves.

It is not excluded that the conical emission at �=0 [Fig.
(c)]is a consequence of finite and non-negligible diver-
ence of counterpropagating pump waves that are focused
nto the sample with the converging lenses. With the
eams’ divergence of about 1 mrad one can expect a su-
erposition of a multitude of bright arc pairs with angular
pacing �0.175 rad within each pair (see Eq. (2) and the
stimated value of 	). Because of the axial symmetry,
hich is due to exact counterpropagation of two pump
aves, the phase-matching condition of Eq. (1) does not

mpose any particular spatial orientation of the bright arc
airs. They fill, therefore, all possible azimuth angles in
he viewing screen (in the far field), and their superposi-
ion results in an apparent ring. The apex angle of this
ing, about 150 mrad, does not contradict this hypothesis.

. CONCLUSIONS
he nonlinear scattering of two nearly counterpropagat-

ng mutually incoherent light waves into two pairs of
right arcs is attributed to be a consequence of the two si-
ultaneous parametric four-wave processes of type A :ee
ee (two extraordinary pump waves are mixed with two
xtraordinary scattered waves) with a slight positive/
egative deviation from the exact phase matching.
The threshold dependence of the scattered intensity on

he pump intensity ratio, the qualitative difference of

emporal behavior (spiked below and smooth above the
ritical value of the pump intensity ratio), as well as the
ecessity to ensure quite large coupling strength to ob-
erve this effect, prove the manifestation of the absolute
nstability (mirrorless oscillation).

It is shown that the spatial orientation of the generated
ew beams is imposed by a modified wave-vector condi-
ion that admits possible spontaneous violation of the ex-
ct phase matching. The experimentally measured angu-
ar dependences are in good quantitative agreement with
he prediction of a model.
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