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Instability of Single-Frequency Operation in Semilinear Photorefractive Coherent Oscillators
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The transition of the single-frequency oscillation of a semilinear photorefractive coherent oscillator for
sufficiently large coupling strengths into two-frequency oscillation is predicted and is observed exper-
imentally. The critical value of the coupling strength at which the bifurcation occurs is a function of pump
intensity ratio and cavity losses. The supercritical bifurcation in the oscillation spectrum is analogous to
the second-order phase transition.
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characteristic frequency shifts are of the order of recipro-
cal dielectric relaxation time (i.e., buildup time of photo-

through opposite faces; they make an angle about 4 to the
optical axis c inside the sample. Both pump waves are
Nonlinear mixing of four coherent light waves nearly
degenerate in frequency may lead to amplification of a
weak signal beam [1]. This amplification, in turn, can
result in self-excitation of coherent oscillation providing
that the appropriate feedback is ensured [2]. The most
widely used nonlinear media to study the four-wave mix-
ing coherent oscillators are the photorefractive crystals
(see, e.g., [3,4]). These oscillators were extensively studied
during the last decade as suitable model systems for the
investigation of spatial and temporal dynamics [5–9]. It has
been pointed out, in particular, that the onset of oscillation
at the threshold may be considered as an optical phase
transition with the properties of either second-order [10] or
first-order [11] phase transition.

Exactly at the coherent oscillation threshold only one
photorefractive grating with a well defined grating vector
emerges from the multitude of low-amplitude arbitrarily
oriented noisy gratings responsible for light-induced
(nonlinear) scattering in photorefractive crystals. The
amplitude of this selected grating increases rapidly with
the increasing coupling strength which is a control parame-
ter here. The light wave diffracted from the developing
grating is the oscillation wave. Its amplitude normalized
to the amplitude of the pump wave is an order parame-
ter [10,12].

In the present Letter we describe one more type of
instability for already well developed oscillation in a semi-
linear cavity: at a certain critical value of the coupling
strength ��‘�cr above the threshold of coherent oscillation
the immobile photorefractive grating splits into two grat-
ings with the same grating vectors but moving in opposite
directions (here � is the coupling constant [3] and ‘ is
the sample thickness). Being the result of diffraction
from the moving grating the oscillation wave acquires
Doppler frequency shift � with respect to the pump
wave frequency !. As a consequence the oscillation spec-
trum above ��‘�cr consists of two lines !�� separated
by 2�, instead of single-frequency ! below ��‘�cr. The
0031-9007=02=89(5)=053901(4)$20.00 
refractive nonlinearity). For cw laser intensities used �
changes from zero to several Hz.

The underlying physical phenomenon is related to
an enhancement of the phase conjugate reflectivity of
the backward wave four-wave mixing phase conjugate
mirror with the diffusion-driven nonlocal photorefractive
nonlinearity for the signal wave with frequency detuned
from that of the pump wave [13].

Earlier the instability in temporal behavior (and there-
fore in spectral domain) was revealed for the semilinear
photorefractive oscillator [7] and attributed to the excita-
tion of multiple transverse modes (the Fresnel number
of the cavity was chosen as a control parameter in
these experiments). We show in this Letter that the
spectrum instability is also an inherent feature of a
single-transverse-mode semilinear oscillator. This instabil-
ity of oscillation spectrum can be considered as an optical
phase transition, too, that has no analogy, however, in
structural phase transitions in solid state physics. Apart
from the fundamental interest for nonlinear dynamics the
observation of instability may be of practical importance:
The semilinear photorefractive oscillators have been seri-
ously considered as nonlinear mirrors that can reduce the
divergence of conventional lasers [4].

In what follows, first the experimental observations for
the semilinear photorefractive oscillator with two counter-
propagating pump waves are described. Then we present a
qualitative explanation and the results of our computer
simulations. Finally the experimental results are compared
with calculated results.

In the experiment the BaTiO3 :Co sample measuring
3:7� 4:0� 6:1 mm3 is pumped by two loosely focused
counterpropagating waves from an Ar� laser (0.51 nm,
TEM00, no etalon inside the cavity to prevent from reflec-
tion grating recording); see Fig. 1. The variable beam
splitter allows one to control the pump beam intensity
ratio keeping nearly constant the total intensity of light in
the sample. The pump waves 1 and 2 enter the sample
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FIG. 2. Experimentally measured frequency detuning of the
oscillation wave versus pump intensity ratio. The dashed line
shows a fit of Eq. (1) to experimental data below the bifurcation
point.

FIG. 1. The experimental setup: PRC is the photorefractive
crystal; M1, M2, and M3 are the mirrors; VBS is the variable
beam splitter; D is the aperture, L is the lens; ‘ is the interaction
length; the numbers from 1 to 4 denote the interacting light
waves; the arrow indicates the direction of the crystal polar
axis c.
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extraordinarily polarized. Pumped in such a manner the
BaTiO3 crystal becomes a phase conjugate mirror; it
ensures more than 100% reflectivity for an appropriately
oriented signal wave. Together with the high-reflecting
ordinary mirror M3 (concave with 50 cm radius) the
BaTiO3 crystal forms a semilinear photorefractive oscil-
lator. The cavity length is about 31 cm; the aperture of
0.5 mm diameter is placed inside to select the lowest
transverse mode in oscillation. The oscillation waves that
self-develop in this cavity, 3 and 4, are tilted inside the
sample to about 2� with respect to the optical axis c to
maximize the coupling strength [14].

With a similar geometry of the coherent oscillator and
the same photorefractive sample we showed earlier that the
onset of oscillation features the properties of a second-
order phase transition, including critical behavior in the
vicinity of the threshold coupling strength ��‘�th [12].

In the used BaTiO3 sample, as in most other photo-
refractive crystals with a pronounced photoconductivity,
the coupling strength ��‘� is independent of the pump
intensities. A more suitable control parameter that allows
one to affect the phase conjugate reflectivity is the pump
intensity ratio, r � I2�‘�=I1�0� (see Fig. 1). The other
option for a control parameter is the reflectivity of the
conventional mirror R that defines cavity losses.

We have found that depending on the pump intensity
ratio the oscillation intensity is either constant in time or
exhibits high contrast sinusoidal modulation with fre-
quency 2�. Such a modulation proves the existence of
two components in the oscillation spectrum. If a reference
wave with the frequency of the pump wave ! (local
oscillator) is sent to the detector together with the oscil-
lation wave, the main beat frequency becomes equal to �.
This leads to the conclusion that two components in the
oscillation spectrum are symmetrically shifted to �� with
respect to the pump frequency !.

Figure 2 shows the dependence of the oscillation fre-
quencies versus the pump intensity ratio r. It is obvious
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that for pump ratios below critical value rcr ’ 70 the
single-frequency oscillation splits into symmetric double-
frequency oscillation; the frequency separation is increas-
ing with the diminishing r. The coupling strength �‘ is
constant in this experiment; it is large enough to observe
the bifurcation. All data in Fig. 2 correspond to the same
total light intensity inside the sample. For any fixed pump
ratio smaller than the critical value rcr it is found that the
frequency separation of the two oscillating modes is scal-
ing with the light intensity I nearly linearly, / I0:83, as one
can expect for a medium with the relaxation of nonlinearity
governed by photoconductivity (see, e.g., [3]). The expo-
nent different from unity is typical for crystals with shallow
traps [15]; the measured value (0.83) coincides with that
reported for this sample earlier [16].

In close vicinity below rcr the frequency shift behaves as

� /
���������������������������������������
�lnrcr 
 lnr�= lnrcr

p
; (1)

see the dashed line in Fig. 2.
The coherent oscillation in the considered geometry

self-develops from the noise and its frequency is not
imposed by any specific frequency in the broad and smooth
spectrum of the seeding radiation. On the other side, the
semilinear oscillator belongs to oscillators with unclosed
cavities for which the spectrum of cavity longitudinal
modes is discrete but the eigenfrequencies are not fixed
[15]. The cavity mode frequency does not affect the oscil-
lation frequency because of the self-adaptable nature of the
phase conjugate mirror. It is obvious also that the conven-
tional mirror of the cavity cannot possess spectral selec-
tivity within the region of several Hz. One should look
therefore for a reason for the bifurcation in the oscillation
spectrum that is related to gain, i.e., to spectra of amplified
phase conjugate reflectivity.
053901-2
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It is known that for large values of the coupling strength
the maxima of the phase conjugate reflectivity Rpc �
I3�0�=I4�0� correspond to certain frequency detuning
� � 0 while for small coupling Rpc��� is bell-shaped
with the maximum exactly at � � 0. This experimental
observation with the passive phase conjugate mirror was
supported by calculation of the spectra of phase conjugate
reflectivity [13].

Suppose that waves 1 and 4 are recording a transmission
grating in the photorefractive sample (Fig. 1) and wave 2 is
reading out this grating giving rise to conjugate wave 3.
These two waves, 2 and 3, are recording also a photo-
refractive grating that appears to be out of phase (� shifted)
with respect to the initial grating. If degeneracy in fre-
quency is removed the in phase component appears in the
secondary grating and its amplitude is increasing with
frequency detuning [3,4]. The diffraction efficiency of
the resulting grating is therefore increasing, too. This
gives a hint as to why the phase conjugate reflectivity
may become larger for signal wave 3 shifted in frequency
with respect to pump waves 1 and 2.

The above description allows one also to explain why
the pump ratio can serve as a control parameter here. For
strong disbalance of the pump intensities the amplitudes of
two partial gratings (one recorded with waves 1 and 4 and
the other recorded with waves 2 and 3) are quite different.
The destructive superposition of two gratings in this case
is not dangerous: Even in the case � � 0 the overall
grating can have a sufficiently large amplitude. This is why
for large values of r the oscillation may be frequency
degenerate.

For decreasing r approaching to unity the amplitudes of
two out-of-phase gratings become comparable and their
compensation effect for � � 0 becomes stronger. The
phase conjugate reflectivity drops down for � � 0, while
it may still be large for the frequency shifted signal wave.
This results in the bifurcation in the oscillation spectrum
below rcr.

In what follows we present the results of calculation of
oscillation spectra for the considered semilinear photo-
refractive oscillator. A simple model of nonlinear mixing
of four plane waves is considered within the undepleted
pump approximation [2,13]. The plane wave approxima-
tion is well justified because the oscillation wave and pump
waves are all plane waves with the intensity profiles close
to Gaussian. Within the undepleted pump approximation
the results of calculation are valid, strictly speaking, for
coupling strengths only slightly higher than the threshold
values. The comparison will show, however, a rather good
qualitative agreement between calculated and measured
data even for well developed oscillation, i.e., far above
the threshold.

We do not impose in advance any restrictions to the
frequency of the oscillating wave except the require-
ment that the spectrum should be symmetric with respect to
� � 0. This is an inherent property of any oscil-
lator with a phase conjugate mirror [17]: Every time
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when the oscillation wave is reflected from the phase
conjugate mirror the sign of its frequency shift � is
inverted. This is the reason why the field inside the cav-
ity is self-reproduced only after two cavity round-trips
[1,17], and the field possesses symmetrically shifted com-
ponents !��.

In the undepleted pump approximation the phase con-
jugate reflectivity reads [3,4]

Rpc �
sinh2��

00‘
2 � � sin2��

0‘
2 �

cosh2��
00‘
lnr
2 � 
 sin2��

0‘
2 �

; (2)

with the coupling strength that becomes complex in the
nondegenerate case

�‘��� �
�0‘

1� i����2
� i

���0‘

1� i����2
� �00‘� i�0‘ ;

(3)

� being the refractive index decay time, and �0‘ being the
crystal coupling strength for � � 0.

To calculate the spectra of Rpc for different initial
coupling strengths �0‘ and pump ratios r it was sufficient
to solve Eqs. (2) and (3) together [4,13]. In order to find the
oscillation frequencies for the considered coherent oscil-
lator one should find the maxima of Rpc���, i.e., to require
that

dRpc

d�
� 0 ; (4)

and take into account also the amplitude condition of
oscillation. The latter postulates that the oscillation wave
is self-supported if cavity losses (represented by reflec-
tance R of the conventional mirror) are compensated for by
amplified reflection from the phase conjugate mirror Rpc:

RRpc � 1 : (5)

Equations (2)–(5) have been solved numerically to find
the dependences of threshold coupling strength ��‘�th and
threshold frequency detuning �th versus pump intensity
ratio r with the cavity mirror reflectivity R taken as a
parameter.

Figure 3 represents the calculated threshold frequency
detuning to be compared with the experimentally measured
frequency detuning. Three bifurcating curves are plotted
for the cavity mirror reflectivities R � 1, 0.1, and 0.01.

A satisfactory qualitative agreement between the ex-
perimental and calculated dependences is obtained.
Quantitative agreement is less good, however; the experi-
mental curve measured with a highly reflecting end mirror
R � 1 is closer to that calculated for R � 0:1 (highlighted
curve in Fig. 3). This discrepancy is most probably due to
other cavity losses not taken into account in calculation
(Fresnel reflections from sample face, light absorption in
the sample, and incomplete overlap of oscillation wave and
pump wave inside the sample) and also due to the obvious
violation of undepleted pump approximation (what
strongly affects the pump ratio inside the sample).
053901-3



FIG. 3. Calculated frequency detuning of the oscillation wave
versus pump intensity ratio for three different values of end
mirror reflectivity.
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The computer simulations confirmed the supercritical
type of bifurcation in frequency spectra, Eq. (1). A similar
equation can be derived for � with the coupling strength
�00‘ taken as a parameter. The simulations show that the
onset of double-frequency oscillation occurs not far away
from the parameters defined by the condition �00‘ ’ lnr
(usually this condition optimizes the phase conjugate re-
flectivity [4]). Taking into account the definition of �00‘,
Eq. (3), we arrive at

�� /

���������������������������������
��00

0‘� 
 ��00‘�cr
��00‘�cr

s
: (6)

Such a type of bifurcation suggests that the discovered
spectrum instability is analogous to the second-order
optical phase transitions. The frequency detuning can be
considered as an order parameter: It is zero at the bifurca-
tion point and is increasing until the ultimate saturated
value that is limited by the necessity to maintain a suffi-
ciently large amplitude of the refractive index grating.
Therefore the normalized frequency detuning is changing
from zero at the splitting threshold to unity in saturation.

It should be noted that even in a single-transverse mode
operation the temporal instabilities may appear because of
other reasons as, for example, symmetry breaking [18–20]
or thermally induced changes of the cavity length [20]. We
believe, however, that these sources of instability are much
less critical in the considered oscillator with the unclosed
semilinear cavity than in oscillators with classical closed
ring cavities.

To summarize it is shown that a photorefractive coherent
oscillator with two counterpropagating pump waves fea-
tures frequency bifurcation that is related to deformation of
phase conjugate reflectivity spectra at sufficiently high
values of coupling strength. In the future it will be interest-
053901-4
ing to find out to what extent this bifurcation may affect the
pattern dynamics in photorefractive oscillators with closed
cavities and high Fresnel numbers [19,20]. The similarity
to the phase transitions raises the question about the
particularities of temporal dynamics near the threshold of
bifurcation and analogies to critical behavior below the
threshold.

The authors are grateful to H. R. Jauslin and
A. Shumelyuk for helpful discussions.
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